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Abstract
This paper presents seven results on irregular systems that are both new and can be
described simply. The ﬁrst three results are related to dynamical and static properties of
gradient percolation. Firstly, it is shown that the transient regimes which lead to self-organized
gradient percolation due to corrosion do not scale like gradient percolation itself. Secondly, it
is shown that there is no diffusion front in 1-D but there exists a zone of ﬂuctuations with a
size of the order of the system size. Thirdly, the geometry of realistic intermetallic contacts in
3-D is shown to be closely related to that of diffusion fronts, but different. The two next results
are related to reactive irregular surfaces. Firstly, molecular dynamics results indicates that, in
2-D, the size of the active zone of purely absorptive surfaces in the Knudsen diffusion regime is
larger than that found in the molecular diffusion regime. Secondly, it is then shown that, in
this last regime, the particles that really interacts with the surface, remains near the surface
within a distance equal to the unscreened perimeter length. The following topic is related to the
vibrations of deterministic surface fractals: with very good approximation, the extended
disordered modes can be described as a superposition of regular (non-localized) trivial modes
of the initiator of the fractal morphology. Finally, it is shown that the diffusion reorganized
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aggregation mechanism may display transitory fractal states with a life time increasing so
rapidly with the system mass that dynamical equilibrium may never been reached, even for
systems of relatively small size. This could be a simple example of the so-called ‘‘inherent
states’’.
r 2005 Elsevier B.V. All rights reserved.
Keywords: Percolation; Fractals; Diffusion; Aggregation

1. Transient versus ﬁnal scaling in self-organized etching gradient percolation
Some 20 years ago, Michel Rosso, Jean-Francois Gouyet and Bernard Sapoval
were interested in the geometrical features of a front of independently diffusing
particles. This problem, inspired by the properties of diffused contacts, opened the
way to the introduction of a general model, called the gradient percolation model or
GP [1]. Introducing a spatial gradient in the occupation probability of the 2-D
percolation model [2] naturally deﬁnes an irregular random interface, separating the
inﬁnite cluster in the region where pbpc , from the under-critical region, where p5pc .
This so-called gradient percolation front spans the whole system (of width L0 ),
crossing the lattice in a direction transversal to the imposed gradient, in a region
where p ’ pc [3]. Careful studies showed that the fractal properties of the interface
can be related to the fractal properties of the critical percolation cluster. Such facts
were also observed in the ﬁnal stages of dynamic collective invasion modeling
corrosion or marine erosion, both phenomena that progressively build gradient
percolation [4,5]. In a different and recent study it was found that GP fractal
exponents can be used down to very small size. In other words, non-fractal regimes
exists, where it is possible to recognize the signature of criticality even in the absence of
fractality [6]. There exist then a speciﬁc type of criticality which exist even for very
small systems, in a limit opposite to the thermodynamic limit. As extreme gradient
fronts look very alike rough transitory fronts observed in etching the question arises
of their exact similarity or not. As shown below they are different.
In 2-D,the GP front is described by its statistical width s and its total length N f .
The only parameter governing these quantities is the applied gradient which, in the
simplest case, spread uniformly on a distance Lg . The smaller the gradient, the wider
the interface and the front width s represents a good estimate of the geometrical
correlation length. The interface is fractal up to a distance close to s. As a
consequence, the whole interface can be thought as a composed by L0 =s independent
fractal regions of linear size s, each of them being a fractal set of dimension Df ¼ 74,
hence containing a number of points proportional to sDf . The total number of point
of an interface extended on a size L0 (larger than s) is thus proportional to
 
L0
N f / sDf
¼ L0 sDf 1 .
s
Surprisingly this scaling law between N f and s holds even for very large gradient,
i.e., for very tiny non-fractal interfaces, for which s is of order a few units [6].
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We now consider the relation between length and width for the transitory
interfaces generated by the dynamical process that leads from smooth interfaces to
fractal critical GP geometries. Is it possible, even in this case, to characterize an
irregular, but not yet fractal, interface produced transiently by the same exponents
that characterizes fractal or extreme gradient interfaces? We will consider the speciﬁc
case of the model of corrosion proposed in Ref. [4] to describe experiments of the
etching of a 2-D aluminum ﬁlms plunged in a ﬁnite volume of corrosive solution.
This 2-D ﬁlm is thought to be constituted by a collection of independent solid units
presenting random resistance to etching. The etching power of the solution is
supposed to be proportional to the etchant concentration: n=V , where n is the
number of etching molecules and V the volume of the solution. When a solid unit
come in contact with the liquid, two type of events can occur: 1=either its resistance is
smaller than the etching power and the solid unit is dissolved and, consequently, the
number of etchant molecules is decreased by 1 (nðt þ 1Þ ¼ nðtÞ  1) or 2=it has a
resistance larger than the etching power and nothing happens. The diffusion of the
etchant is supposed to be rapid enough so that the liquid remains always
homogeneous. The phenomenology produced by this extremely simple model
reproduces the main features observed in the experiment: the corrosion proceeds ﬁrst
with a constant velocity and a slightly irregular interface. Then the dynamics slows
down, the interface ﬂuctuates and becomes more and more irregular and ﬁnally the
process stops spontaneously [4,7]. Furthermore, it has been shown that this
dynamical process leads to Gradient Percolation universality class, with ﬁnal fractal
interface of dimension 74 as the gradient percolation front [8]. The dynamics
establishes spontaneously a spatial gradient of ‘‘corrosion’’ probability proportional
to L0 =V . The surprise is that the same power laws are found to be observed in the
case of very small volumes V that correspond to the extreme gradient case [9]. Even
the non-fractal ﬁnal interfaces obeys the same scaling law N f / sDf 1 observed in
the static (extreme) gradient percolation model. To sum up, whether rough interfaces
arise from imposed static (and possibly large) gradients, or are created in the ﬁnal
GP etching, the power law relating the length and the width of the fronts are the
same as that observed for the fractal fronts. In both cases the width and the length
are implicit functions of the gradient, whatever its source.
The new computations presented here consider the relation between N f and s
during the dynamical regime. In this case the interface is not fractal, but slightly
irregular, and then more and more so. During the evolution, the width and the length
are increasing functions of time. We have performed extended numerical simulations
in order to measure the relation between length and width, but now with the time as
the implicit variable. And what we ﬁnd is very different from GP or extreme GP.
This is shown in Fig. 1, where one observes that the now transitory relation is
roughly: N f / s. This is in contrast with the gradient percolation scaling law which
still holds for the ﬁnal conﬁguration of the interfaces as obtained at the end of the
very same simulations. This is shown very clearly in the inset of Fig. 1. Note that the
circles which represents the ﬁnal states in Fig. 1 do not correspond to the widest and
longest fronts. The maxima are indeed obtained at exact criticality near the end of
the process, as discussed in Ref. [7].
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Fig. 1. Width s of the liquid–solid interface versus its length during the corrosion dynamics. Here, time is
a dummy variable. Each graph shows the results for 100 runs and its average for several values of the
gradient g ¼ L0 =V . The system size L0 ¼ 2000 for every value of g and the starting value of the probability
is pð0Þ ¼ 1. The circles indicates the ﬁnal situations. The log–log scale shows a linear relation with an
exponent equal to 1. In the inset the ﬁnal averages are shown to scale according to the expected scaling
relation (1) but here it is the gradient which is the dummy variable.

In conclusion, the relation between the length and the width of an irregular
interface not necessarily fractal may in principle be a clue to decide whether its
morphology is transitory or reﬂects some kind of ﬁnal criticality linked to a selforganized gradient percolation scheme.

2. One-dimensional gradient percolation: A system which presents a zone of
ﬂuctuations with the size of the entire system
In gradient percolation [1], one introduces a spatial gradient in the occupation
probability of particles on a lattice. In 2-D, this naturally deﬁnes the GP interface
mentioned in the previous section. It brings the practical advantage that, in order to
measure critical properties of percolation, no ﬁne-tuning is necessary to adjust the
critical parameter p to its non-universal threshold value pc [3]. Up to now, no
attention was given to the same problem in 1-D. This is what we discuss below.
The 1-D classical percolation (where all the sites are independent and occupied
with probability p) is a well-known and trivial situation: the critical probability is
pc ¼ 1 and the size distribution of clusters can be exactly computed. If one starts
from a point, for example the origin 0, one can compute the mean distance d c at
which we ﬁrst meet an empty site. The probability to ﬁnd the ﬁrst empty site at the
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position k is pk ð1  pÞ, and thus
dc ¼

1
X

kpk ð1  pÞ ¼

k¼0

p
.
1p

As the initial site is occupied the average cluster size is 1 þ d c ¼ 1=ð1  pÞ.
The 1-D linear gradient percolation situation is the following: we have Lg þ 1 sites
(where Lg denotes the gradient length) which are all independent, and the site
number k, with 0pkpLg , is occupied with probability pðkÞ ¼ 1  k=Lg . This system
is illustrated on Fig. 2. One can also in this case ask the question: starting from the
origin 0 (which is always here an occupied site), where do we meet the ﬁrst empty
site? In other words, the question is: what is the size of the ﬂuctuation zone Df
deﬁned as the mean distance between the ﬁrst empty site and the last occupied one.
This length Df can be exactly computed, in the following way: we ﬁrst notice that
thanks to the linear gradient, we have a symmetry between occupied and empty sites,
and thus Df ¼ Lg  2EðTÞ, where T is the position of the ﬁrst empty site after the
origin. We then can easily (thanks again to the linear gradient) compute
EðTÞ ¼

LX
g 1

PðTXkÞ ¼

LX
g 1

k¼1

pð0Þpð1Þ . . . pðkÞ

k¼1

Lg 2 k
Lg
ðLg  1Þ . . . ðLg  kÞ Lg ! X
.
¼
Lg
k
Lg
Lg k¼0 k!
k¼1
rﬃﬃﬃﬃﬃﬃﬃﬃ
Lg ! 1 Lg
pLg
e ’
’ Lg
.
2
2
Lg

¼

LX
g 1

probability, function of the distance k, for a site to be occupied

This shows that when Lg is large, the ﬁrst empty site is at a distance of the order L1=2
g
and thus the size of the ﬂuctuation zone is of the order of the gradient length Lg .
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Fig. 2. 1-D linear gradient percolation. Left: probability for the site at distance k to be occupied, plotted
as a function of k. It is linear, with a gradient length Lg ¼ 100 on this ﬁgure. Right: example of a
conﬁguration X 0 ; X 1 ; . . . ; X Lg obtained with this gradient percolation situation, where X k ¼ 1 when the
site k is occupied.
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In that sense, the peculiarity of gradient percolation in 1-D is that the distance
between the inﬁnite occupied cluster (starting with p ¼ 1) and the inﬁnite empty
cluster (ﬁnishing at p ¼ 0) is of the order of the system size Lg whatever its value. In
consequence, there is no gradient percolation front in 1-D.

3. The geometry of diffused intermetallic contacts
The 1-D gradient percolation discussed in the previous section could ﬁgure the
situation of a 1-D intermetallic contact between A and B species with occupied sites
representing A-atoms and empty sites representing B atoms. However, in the
simplest quantum representation of interactions between single atomic orbitals, only
ﬁrst nearest neighbors (f.n.n.) share electrons. In that case the metallic A region
would be separated from the metallic B region by the large ﬂuctuation zone
described above. It is generally considered that such a region would be insulating so
that no electric conduction can cross this intermediate region.
In 2-D the only lattice where the A metallic region would be next to the B metallic
region is the triangular lattice for which pc ¼ 12 [2]. For instance in the square lattice
with A f.n.n connections, the diffusion front represents the contact between A and B
but with B connected by f.n.n. and second nearest neighbor (s.n.n.) connections. Due
to the larger distance there would be only very weak hybridation between s.n.n.
orbitals. In other words, in 2-D a direct A–B real electrical contact is only possible in
the triangular lattice. In that case, the gradient percolation geometry would really
represent the intermetallic contact geometry.
The situation is very different in 3-D where pc is always smaller than 12 [2].
Consequently, there is always a domain of concentration where both A and B
systems are percolating. This makes it possible a true contact between the two
regions. This is shown in Fig. 3 which displays a 2-D cross-section of the contact.
The ﬁgure on the left shows the usual diffusion or GP front. In that case, the inﬁnite
cluster of the occupied A sites is constituted by the A-sites which are linked to p ¼ 1
(bottom) through f.n.n. connections. However, the inﬁnite cluster of the empty sites
(B), which is built on the dual lattice, is made by B-sites which may be connected to
p ¼ 0 (top) either as f.n.n., or as s.n.n. or even as third-nearest neighbors (t.n.n.) [10].
But with the view of representing the electric contact between two metallic materials,
this deﬁnition is artiﬁcial since the overlap between the orbitals of s.n.n. and t.n.n. is
expected to be very small. The dark and light gray zones on the right shows the
contact which is obtained when A and B play symmetric roles. The inﬁnite clusters
are made with f.n.n. connected sites for both A and B systems and the ‘‘contact’’ Asites are the A-sites belonging to the A inﬁnite cluster which are f.n.n. of a site of the
B f.n.n. inﬁnite cluster. The contact zone is obviously narrower than on the left since
the deﬁnition of connections is more restrictive.
Fig. 4 displays the spatial variation of the probability for an A-site to belong either
to the inﬁnite cluster (a), to the diffusion front (b) or to the contact obtained when
only f.n.n. interactions are allowed (c). One observes that in a large central region,
the sites of the contact cluster (curve c) appear to belong to the diffusion front (b). It
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Fig. 3. A 2-D cross-section of the contact between A and B in the gradient percolation model in a cubic
lattice with vertical Lg ¼ 200. The A (resp., B) particles are shown in black or dark gray (resp., light gray
or white). In (a) dark gray (A) and light gray (B) represents the usual diffusion front interface in a cubic
lattice (see text). In (b), only the connections between ﬁrst nearest neighbors (f.n.n.) are considered to
represent the contact.

Fig. 4. Variation with z=Lg of the probability for an A-site to belong to the inﬁnite cluster (a), to the
diffusion front (b), or to the contact obtained when only f.n.n. AB contacts are considered (c). (z is the
vertical direction on the previous ﬁgure). There exists a corresponding symmetric ﬁgure for the B sites
pertaining to the contact.

follows that both the diffusion front and the contact have the same geometrical
properties within their respective thickness. Then, the center part of the contact
exhibit a fractal dimension equal to 3. In the narrow region where the concentration
is close to the A percolation threshold, that is for z=Lg close to 1  pc ¼ 0:683 for a
cubic lattice, the dimension is that of the incipient percolating cluster, close to 2.5 [2].
A symmetric situation exists for the B sites pertaining to the contact. Of course, in
that situation the conducting properties of the A region would be certainly perturbed
by the B impurities and reciprocally for the B region. This constitutes a new
interesting but open question.
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4. Diffusive transport towards irregular surfaces: Laplacian transport versus Knudsen
diffusion
The role of the surface morphology on porous catalysts activity is of current
interest [11,12]. This role is intimately related to the accessibility by diffusion of
reagents to the active sites located along an irregular reactive surface. The concept of
diffusive Laplacian ﬁelds includes the implicit assumption that molecular diffusion is
the governing mechanism of mass transport. Such an approximation, however, can
only be valid inside the void space between the protrusions of an irregular surface if
the molecular mean free path is sufﬁciently smaller than the voids. Hence, Knudsen
diffusion may become the dominant transport mechanism determining the system
reactivity if the pressure is so low that the collisions among molecules are less
frequent than collisions with the catalytic surface. The molecular mean free path
therefore constitutes a lower cutoff for the validity of the molecular diffusion
description.
In principle, the transition from molecular to Knudsen diffusion can only be
predicted in terms of a microdynamical model. For this purpose, we adopt a Nonequilibrium Molecular Dynamics (NMD) Model method that has been originally
proposed for the study of self-diffusion in pure ﬂuids [13]. The technique is entirely
based on the standard molecular dynamics (MD) at equilibrium, but includes a
special scheme to identify and exchange labeled and unlabeled particles during the
simulation. The details of this technique are presented elsewhere [14]. The diffusion
cell used in these computations is a quadratic Koch curve with a diameter L ¼ 27
and a total perimeter Lp ¼ 125. A typical thermalized conﬁguration of the system
showing the positions of labeled particles is shown in Fig. 5.
Based on this NMD method, we have performed simulations for different densities
corresponding to systems with N ¼ 1250–25 000 particles. From the solution, one can
compute the local diffusive ﬂuxes qi crossing each element i of the interface. We
measure the interface efﬁciency in terms of the active length La deﬁned as
La

1=

Lp
X

f2i

ð1pLa pLp Þ ,

(1)

i¼1

Fig. 5. Typical conﬁguration of the NMD system. Only the rough interface and the positions of labeled
particles are shown.
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P
where the sum is over the total number of interface elements Lp , and fi qi = qj is
the normalized mass ﬂux at element i. From the deﬁnition (1), La ¼ Lp would indicate
a limiting state of equal partition of ﬂuxes (fi ¼ 1=Lp , 8i).
As shown in Fig. 6, the computed active length decreases sharply with r down to a
point where it remains constant at La 27. These results are essentially independent
of temperature. The decrease with density of the active length La reﬂects the
transition from Knudsen to molecular diffusion. The mean free path L is inversely
proportional to the particle density of the system, L / 1=r. For small r values, the
mean free path of the particles is larger than the smaller length scale l of the irregular
interface. At higher densities, the invariant behavior of La is a consequence of
molecular diffusion and can be explained in terms of Makarov’s theorem [15].
Precisely, the theorem states that the information dimension of the harmonic measure
on a singly connected interface in 2-D is exactly equal to 1. In terms of activity, this
means that, regardless the shape of the interface, the total length La of the region
where most of the activity takes place should be of the order of the size or diameter L
of the cell under a dilation transformation. Translating to our diffusion cell, where
square Koch trees of third generation are the absorbing interfaces, the theorem of
Makarov predicts that the value of La should be close to the size L ¼ 27, in good
agreement with the NMD limit obtained for denser systems.
One can also compute a value of the active zone length by direct numerical
solution of the Laplace equation r2 C ¼ 0 which represents the exact equation of the
problem for molecules of very small sizes and high density. One obtains La ¼ 22:9,
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Fig. 6. Dependence of the active length La on the reduced density of the NMD cell. The average values
with error bars refer to simulations with 5 different realizations of the NMD process. The horizontal
dashed line at the top corresponds to the system size, Ly ¼ 27. The one at the bottom indicates the value of
the active length given from the simulation of the Laplacian ﬁend, La ¼ 22:9.
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also a value close to the size of the system L ¼ 27. The origin of the small difference
between the two values arises from the ﬁnite size of the particles used in the NMD
computation. Note that the value of the active length that we ﬁnd for small density is
still smaller than Lp . This is due to the fact that, in this calculation, the surface is
supposed to be perfectly absorbing. If even a very few reﬂections would be
considered the entire perimeter would be working in the Knudsen regime but not in
the Laplacian regime.
In summary, we have investigated through molecular dynamics the transition
from Knudsen to molecular diffusion transport towards 2d absorbing interfaces with
irregular geometry. Our results indicate that the length of the active zone decreases
continuously with density from the Knudsen to the molecular diffusion regime.
These observations may lead to new guidelines to the problem of diffusion and
reaction on arbitrarily irregular interfaces.

5. The Brownian particles that are absorbed by a surface have travelled ‘‘along’’ this
surface
This section also deals with the Laplacian transport that governs many transport
processes in nature and industry. Examples can be found in electrochemistry, in
physiology, and in heterogeneous catalysis [16]. In most real systems surfaces do not
obey the Dirichlet boundary conditions considered above. Indeed, the global ﬂux is
governed by two transport phenomena, the volume transport to the surface
characterized by the diffusivity and the transport across the surface measured by the
permeability or the reactivity. In all cases, the ratio between surface and volume
conductances introduces a physical length L characterizing a competition between
these two effects [16]. The length L is also called the ‘‘unscreened perimeter length’’
as it measures the perimeter of a part of an irregular surface which works uniformly
although being explored by Laplacian diffusing particles [17].
At a microscopic level, the surface permeability is proportional to the probability
of absorption (or reaction) of diffusing particles colliding with the surface [18,19]. In
other words, the particles have to hit the surface a number of times until being ﬁnally
absorbed. A mathematical description of this stochastic motion leads to the so-called
partially reflected Brownian motion (PRBM) characterized by the parameter L [20].
We address here the following question:Before being absorbed, what is the size of
the domain explored by the diffusing particles? Do they typically float near the
boundary and at what distance? This problem can be solved exactly for a ﬂat surface.
Firstly, let us consider the partially reﬂected Brownian motion on the upper halfspace Rdþ ðdX2Þ started from the origin. The probability density that this motion is
ﬁnally absorbed in the vicinity ds of the boundary point s ¼ ðs1 ; . . . ; sd1 ; 0Þ has been
calculated analytically in Ref. [20]:
Z 1
Z 1
dk1 . . . dkd1 ei½k1 s1 þþkd1 sd1 
(2)
tL ðs1 ; . . . ; sd1 Þ ¼
...
1 þ Ljkj
ð2pÞd1
1
1
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and due to rotational symmetry, this function depends only on the radius
r ¼ ðs21 þ    þ s2d1 Þ1=2 . This probability density takes into account all possible
Brownian trajectories from the origin to a vicinity of the boundary point s. The
question we wish to answer here is to know what is the contribution of ‘‘ﬂatten’’
trajectories near the boundary? For this purpose, one can introduce a perfectly
absorbing barrier at some height h. The probability density that the PRBM started
from the origin is ﬁnally absorbed in the vicinity of the boundary point s without
touching the barrier at height h is found to be [20]:
Z 1
Z 1
dk1 . . . dkd1 ei½k1 s1 þþkd1 sd1 
tðhÞ
.
(3)
ðs
;
.
.
.
;
s
Þ
¼
.
.
.
1
d1
L
1 þ Ljkj cothðhjkjÞ
ð2pÞd1
1
1
It is also rotationally invariant. The integration of the density tðhÞ
L ðs1 ; . . . ; sd1 Þ over
the whole surface qRdþ gives the probability that the PRBM is ﬁnally absorbed on the
ﬂat boundary without touching the barrier at height h:
Z 1
Z 1
1
.
...
ds1 . . . dsd1 tðhÞ
L ðs1 ; . . . ; sd1 Þ ¼
1
þ
L=h
1
1
This is the exact proportion of random trajectories (including the many collisions
with the surface) which are ﬁnally absorbed without reaching the height h.
Consequently, the length L provides the width of the layer near the boundary where
a half of the diffusing particles exercise their motion (until absorption). For small
values of L, only a small layer is explored.
In the same time, the length L determines the typical size of the region of the
surface itself where half of diffusing particles are absorbed. Indeed, the relation (2)
allows to calculate the probability PL ðrÞ that the PRBM is ﬁnally absorbed on a disk
of radius r around the origin. In two dimensions, this probability is found to be
Z 1
2r
et dt
PL ðrÞ ¼ 1 
.
p L 0 t2 þ ðr=LÞ2
In particular, one ﬁnds PL ðL=2Þ ’ 0:4522, i.e., approximately half of the diffusing
particles are absorbed on an interval ðL=2; L=2Þ around the origin. For the 3-D
case, one obtains
Z 1
tet dt
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PL ðrÞ ¼ 1 
0
t2 þ ðr=LÞ2
and PL ðLÞ ’ 0:4611. As a consequence, around half of the diffusing particles are
absorbed on the disk of radius L.
The above results are exact for ﬂat surfaces. In that case the ‘‘unscreened perimeter
length’’ L determines approximately the volume near the surface where the
absorption takes place. But the very signiﬁcance of such results is that the same
conclusions are valid for irregular surfaces. This can be justiﬁed by numerical studies
of the PRBM near irregular boundaries. For instance, we have shown for Koch type
boundaries that the second result is still valid, i.e. L represents an average perimeter
of the characteristic absorption region of an irregular boundary [17,19]. This lead to
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a practical suggestion in order to increase the efﬁciency of irregular interfaces as
Laplacian exchangers. The idea is to use a diffusion source with a geometry
following the Minkovski half-sausage at a distance of order L from the real surface.
In such a situation the losses due to the access impedance will be minimized.

6. Disordered wave functions in deterministic fractal drums
The eigenfunctions cðx; yÞ of deterministic fractal drums are studied numerically
at high energies. Apart from some localized states, two characteristic types of
eigenmodes exist, where the amplitudes either form a regular pattern or a disordered
pattern. We show that both types of modes can be approximated by a special
superposition of the eigenfunctions Fn;m ðx; yÞ of the regular square initiator.
Whereas a regular state of the fractal drum refers to one special pair of ðn; mÞvalues, the disordered modes are superposition from those Fn;m ðx; yÞ that have
energies close to the energy of cðx; yÞ.
Fractal drums [21] represent a prominent example of irregular resonators.
Deterministic fractal drums are constructed by fractal generators and the effect of
the rough boundaries on their spectra and their eigenfunctions has been subject to
intense research (see Ref. [22] and references therein). Here, we are interested in the
shape of the eigenfunctions cðx; yÞ, which inﬂuence e.g. the behavior of the viscous
damping. It is well-known that both, localized and extended modes exist and that the
majority of the higher-energies modes is extended.
This work focuses on the extended modes, which can be either of regular or of
disordered shape. Examples are shown in Fig. 7. The amplitudes of (a) look regular
and can be interpreted as an eigenfunction of a square membrane of length L,
Fn;m ðx; yÞ ¼ ð2=LÞ sinðnpx=LÞ sinðmpy=LÞ with energy E nm ¼ ðp2 c2 =L2 Þðn2 þ m2 Þ and
sound velocity c [21]. Both, fn;m ðx; yÞ and E n;m refer to ðn; mÞ ¼ ð16; 16Þ. The shape of
mode (b), on the other hand, looks disordered and the distribution PðcÞ (not shown
here) is very close to a Gaussian distribution. This is typical for wave functions in
irregular systems that are a random superposition of plane waves (see e.g. Ref. [23]
and references therein).
In order to analyze the shape of the disordered modes, we expand them by the
eigenfunctions Fn;m ðx; yÞ of the square initiator. The coefﬁcients are given by
R
dx dyFn;m ðx; yÞ cðaÞ ðx; yÞ, where cðaÞ ðx; yÞ is the ath wave function of the
C ðaÞ
n;m ¼
fractal drum and the integral is carried out over the area of the drum. The space,
where the eigenfunctions form a complete basis (the square) differs from the one
P
2
considered here. Nevertheless, we tested numerically that n;m ðC ðaÞ
1 for large
n;m Þ
a, which means that the modes of higher energies can be reasonably well described as
superpositions from the eigenfunctions of the square. The results are presented in
Fig. 8. The ﬁgure shows that the C n;m show large values only along a circle of radius
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃ
n2 þ m2  E ðaÞ , where E ðaÞ is the energy of the mode cðaÞ ðx; yÞ. This interesting
behavior shows that only those Fn;m ðx; yÞ contribute to cðaÞ ðx; yÞ that possess an
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Fig. 7. Two typical examples of non-localized eigenmodes under Dirichlet boundary conditions in fractal
drums of unit side length L, where the fractal generator has been applied to two sides of a square system:
(a) a regular ‘‘trivial’’ mode that corresponds to the mode F16;16 of a square membrane and (b) a
disordered mode.

Cn,m
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Fig. 8. The coefﬁcients C n;m of the eigenmode of Fig. 1(b) in the basis of the eigenmodes Fn;m of the
regular square system are shown. Note that this is really a decomposition in the reciprocal space of the
square initiator.

energy E n;m E ðaÞ . Similar to perturbation theory, the regular modes still play a role
for the disordered modes and the ones with appropriate energy values are ﬁltered to
form the new disordered modes by superposition.
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In summary, we have shown that the disordered extended modes of fractal
drums can be described as a superposition of regular modes with energies
from a narrow energy interval. Apparently, those modes form a stable disordered
mode amplitude by random interference. Additionally to the typical example
shown in this paper, we investigated many extended eigenmodes of higher energies,
which all showed a similar behavior. The well-known ‘‘trivial’’ modes, on the
other hand, can be described as one single regular mode of identical energy that ﬁts
exactly into the rough boundary features and possesses only one non-vanishing
coefﬁcient C n;m .

7. Diffusion reorganized aggregates: A transient and fractal equilibrium
Diffusion Reorganized Aggregation (DRA) is a model that has been proposed by
Filoche and Sapoval in 1999 [24,25]. It consists in an iterative process that
progressively transforms a structure made of particles (or pixels). The DRA process
is a surface to surface evaporation–diffusion–condensation process which conserves
the total mass of the system. Its evolution mechanism proceeds in the following steps
(Fig. 9):
(1) A particle is chosen at random on the surface of an initial structure and is
dissolved, occupying an empty site next to its initial position.
(2) The dissolved particle may jump back to its original site or start a Brownian
random walk on a square lattice which represents the outer medium. The time
step for each jump is t ¼ 1. This motion is stopped when the particle hits the
structure again as it sticks on ﬁrst hit.
(3) The process, which conserves the total mass, is then iterated. For practical
reasons, the system is enclosed in a large square window: whenever a diffusing
particle strikes the window, this particle is reinitiated on another site of this
external box, following a probability law that simulates the random walk in the
inﬁnite outer medium. As the probability to return to a starting site is equal to 1
in d ¼ 2, this does not modify the morphologies which are generated by the
process. The existence of the external box only perturbs the time scale so that the

Fig. 9. Elementary evaporation–diffusion–condensation mechanism. The structure evolves by iterating
this process.

ARTICLE IN PRESS
B. Sapoval et al. / Physica A 357 (2005) 1–17

15

number of computer steps is not proportional to a real time. For this reason, the
number of steps is called pseudo-time.

The DRA process differs from the DLA process [26], as here particles are not
launched from inﬁnity but from the surface of the cluster itself. It is then a mass
conserving process, very different from DLA growth.
Starting from any compact structure, for example a disk, the DRA process rapidly
creates several branches. After a long relaxation period, the system reaches a
dynamical fractal structure (Fig. 10). Furthermore, the geometrical features are
found to be identical when starting from other initial structures such as a DLA tree.
The DRA structure appears as a ﬁnal equilibrium state towards which any initial
morphology of M particles will converge after sufﬁcient number of DRA iterations.
It can then be considered as a general statistical attractor for that speciﬁc dynamical
process.
The properties of the DRA structure are the following: ﬁrstly, this structure is
statistically isotropic. Secondly, a mass versus radius plot of the ﬁnal structure shows
that it is fractal with a fractal dimension Df
1:75  0:02 in two dimensions.
Thirdly, unlike the DLA structure, also obtained through a diffusion–aggregation
process, the DRA structure has very small spatial and time correlations.
However, in 2002, it has been shown by GroX kinsky et al. that any process that is
a Markov chain with an evolution mechanism satisfying a detailed balance
condition, will after a very long time, converge to a structure pertaining to the
universality class of the lattice animals [27]. These lattice animals differ from the
DRA structures on two important features: ﬁrst, their fractal dimension is D 1:56
in two dimensions, second they have an anisotropic shape, even though the model is
purely isotropic [28]. And simulations ran on small initial clusters, for instance a disk
of a few hundreds particles, conﬁrm that the end structure is not isotropic and that

Fig. 10. Example of the dynamical structure obtained after 2 billion timesteps when starting from a disk
made of 8000 particles. The ﬁnal structure is branched, statistically isotropic and has a fractal dimension
Df
1:75.
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the ‘‘fractal dimension’’ that can be measured is around 1.6. Nevertheless, for a
cluster of 8000 particles, numerical simulations have shown that, once reached, the
DRA structure remains stable for more than 1 billion timesteps (the time unit being
the jump rate on the lattice) and that no transition towards the lattice animal
structure is observed. So, we are left with an apparent contradiction: why do we
observe that the DRA remains unchanged, even after a very long simulation time,
although it does not correspond to the theoretical dynamical equilibrium?
Our hypothesis is that the DRA structure is only a transient state but whose
duration is expected to diverge rapidly with the cluster size. In that sense, it would
belong to the so-called inherent states of the system, as introduced by Edwards [29].
Further simulations have to be carried out to conﬁrm this idea. Such behavior is
typical of a non-ergodic system. In fact, it seems to be as if the DRA process would
not allow a rapid enough exploration of the entire conﬁguration space and would
‘‘freeze’’ the system into a ‘‘transient equilibrium’’ (the DRA structure), hence the
origin of the non-ergodicity.
In summary, simply putting the source on the structure itself and not at inﬁnite
distance (as in the case of the DLA) drastically modiﬁes the characteristics of the
diffusion and aggragation dynamics. In all cases, the DRA process leads to an
isotropic fractal structure of fractal dimension around 1:75. The dynamical
properties of this structure (duration, ergodicity) still remain open questions that
have to be investigated, both by numerical simulations and theoretical analysis.
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